In this paper, we introduce a class of distributions which generalizes the power hazard rate distribution and is obtained by combining the linear and power hazard rate functions. This class of distributions, which is called the power-linear hazard rate distribution, is simple and flexible and contains some important lifetime distributions. The maximum likelihood estimators of the parameters using the Newton-Raphson (NR) and the expectation-maximization (EM) algorithms and the Bayes estimators of the parameters under squared error loss (SEL), linear-exponential (LINEX) and Stein loss functions are obtained based on progressively type-II censored sample. Also, we obtain the asymptotic confidence interval and some bootstrap confidence intervals and construct the HPD credible interval for the parameters. A real data set is analyzed and observed that the present hazard rate distribution can provide a better fit than other three-parameter distributions. Finally, a Monte Carlo simulation study is conducted to investigate and compare the performance of different types of estimators presented in this paper.
Introduction
The hazard rate function plays an important role in reliability studies. The hazard rate measures the propensity to fail or to die depending on the age reached and it thus plays a key role in characterizing the process of aging and in classifying lifetime distributions. The hazard rate function describe the failure rate of the life test. It is known as the force of mortality or force of decrement in actuarial work and the intensity function in extreme value theory. The term age-specific death rate has also been used in vital statistics and in economics its reciprocal is known as Mill's rate. The hazard rate function is used in reliability applications to describe the instantaneous failure rate at any time (Rinne [27] ). If the life time of a unit be a random variable X with probability density function (pdf) f (x) and cumulative distribution function (cdf) F (x), then the hazard rate function h(x) is defined by
.
In reliability theory, lifetime distributions are often specified by choosing a particular hazard rate function. One of these hazard rate functions is the linear hazard rate function which has been considered by several researchers. The linear hazard rate function has the form h(x) = a + bx, x > 0, a, b ≥ 0,
where a and b are the parameters such that a + b > 0. The linear hazard rate function induce the pdf
which is known as linear hazard rate distribution (LHRD). The linear hazard rate function was first introduced by Bain [2] . He provided a comprehensive statistical inference procedures for the estimation of the parameters a and b based on complete samples. The Bayes estimation of the parameters of LHRD is considered by Pandey et al. [23] . Sen and Bhattacharyya [30] studied the maximum likelihood and least squares type estimation based on type II censored samples from the LHRD, while Lin et al. [15] computed the maximum likelihood estimates of the parameters of the LHRD based on records and inter-record times. Monte Carlo methods for Bayesian inference on the LHRD are discussed by Lin et al. [16] . Bayesian inference of the LHRD under a progressively censoring scheme is also discussed by Sen et al. [31] . Recently, some authors considered generalizations of the LHRD for obtaining more flexible new families of distributions (see, e.g. Ghitany and Kotz [11] , Sarhan and Kundu [28] and Cordeiro et al. [7] ). Another type of hazard rate function is the power hazard rate function which is defined as h(x) = ax k , x > 0, a > 0, k > −1, and induce the power hazard rate distribution (PHRD) with pdf
Mugdadi [20] obtained the least squares type estimators of the parameters of the PHRD. Mugdadi and Min [21] investigated the Bayes estimation of the power hazard rate function. The problem of estimating the stress-strength reliability for the PHRD is considered by Kinaci [13] .
Although the linear and power hazard rate distributions are very useful for modeling lifetime data, they have monotone hazard rates and are not reasonable to apply to phenomena with non-monotone hazard rates. In this paper, by combining the linear hazard rate function and the power hazard rate function, we consider a more general hazard rate function which can also cover non-monotone hazard rate. We define the power-linear hazard rate function in the form
where a, b and k are the parameters such that a + b > 0 and k ̸ = 1 (which gives the identifiability of the parameters of the new hazard rate function).
The power-linear hazard rate function is very simple and can cover constant, decreasing, increasing and bathtub-shaped hazard rates, while the hazard rate functions of most of the three-parameter distributions are either complicated (see, for example, the distributions discussed in Section 5) or cannot cover non-monotone cases (for example, the Gompertz-Makeham distribution by Makeham [18] and the Modified Weibull distribution by Sarhan and Zeindin [29] ). We obtain the cdf and the pdf corresponding to this hazard rate function and call it the power-linear hazard rate distribution (P-LHRD). The maximum likelihood estimates (MLEs) of the unknown parameters via the NR and the EM algorithms and the Bayes estimators of the parameters under different loss functions based on progressively type-II censored data are derived. The asymptotic and bootstrap confidence intervals of the parameters and the highest posterior density (HPD) credible intervals are also obtained. A real data set is analyzed to illustrate application of the proposed distribution and to show that the present hazard rate distribution can provide a better fit than some three-parameter distributions. The different proposed methods have been compared by using a Monte Carlo simulation study.
The rest of the paper is organized as follows. In Section 2, we present the power-linear hazard rate distribution. In Section 3, the MLEs of the unknown parameters via the NR and the EM algorithms and the Bayes estimates of the parameters under SEL, LINEX and Stein loss functions based on progressively type-II censored sample are considered. In Section 4, we obtain the asymptotic and bootstrap confidence intervals and construct the HPD credible interval for the parameters of the P-LHRD. The application of the P-LHRD is illustrated by analyzing a real data set in Section 5. A simulation study is presented in Section 6. Finally, some conclusions are given in Section 7.
The P-LHRD
Suppose X denotes the random variable having hazard rate function given in (1.1). Then the cdf and reliability function of X are given by
respectively, and the pdf of X is given by
For the random variable X with pdf given by (2.2), we write X ∼ P-LHRD(b, a, k). Taking the first derivative of the hazard rate function of the P-LHRD given in (1.1), we have h ′ (x) = b + akx k−1 , x > 0. Hence, it can be easily verify that the hazard rate function of this distribution has a bathtub-shape when a, b > 0 and k < 0, and reaches a minimum at x = (−b/ak) 1/(k−1) . The hazard rate function of this distribution can also be constant, increasing or decreasing for the other parameter values. Figure 1 shows different patterns of the probability density function and the hazard rate function of the P-LHRD for selected values of the parameters b, a and k. The P-LHRD contains the following well-known lifetime distributions:
(1) When b = k = 0, the P-LHRD reduces to the exponential distribution with parameter a.
(2) When a = 0, the P-LHRD reduces to the Rayleigh distribution with parameter 1/b.
(3) When k = 0, the P-LHRD reduces to the LHRD with parameters a and b.
(4) When k = 2, the P-LHRD reduces to the quadratic hazard rate distribution with parameters 0, a and b introduced by Bain [2].
(5) When b = 0, the P-LHRD reduces to the PHRD with parameters a and k.
(6) When b = 0, k = α − 1 and a = α/θ, the P-LHRD reduces to the Weibull distribution with parameters α and θ. The rth moment (µr) of the P-LHRD(b, a, k) by using (2.2) is given by
Using the Taylor expansion e − a k+1 x k+1
and then the transformation y = x 2 , we obtain
where Γ(.) is the gamma function.
Point estimation
In reliability and survival analysis studies, the experimenter may not always obtain complete information on failure times for all experimental units. During experimentation, such situations arise because of removal or loss of items before they actually fail. However in general, such experiments are purposeful and preplanned in order to save time and cost associated with the testing. Data obtained through such experiments are called censored data. The two well-known censoring schemes are type-I and type-II censoring. However, these censoring schemes do not allow for removal of items other than the terminal point of the experiment (Rastogi et al. [25] ). A more general censoring scheme where removal of the items is also allowed in between was introduced by Cohen [6] . This general censoring is referred to as the progressive censoring scheme and it has gained special attention in theoretical and applied statistics due to the flexibility in removing the pre-specified number of item during the test. For a comprehensive treatment of progressive censoring detailing and application of likelihood based inference under progressive censoring, see the book by Balakrishnan and Aggarwala [3] .
In this study, we consider progressive type-II censoring. Suppose that n units are placed on a life testing experiment. At the time of occurrence of the first failure, the R1 out of n − 1 surviving units are withdrawn randomly from the experiment. In a similar manner, at the time of occurrence of the second failure, the R2 out of n−R1 −2 surviving units are withdrawn from the experiment. Finally, at the time of mth (1 ≤ m ≤ n) failure, the Rm = n − m − R1 − ... − Rm−1 remaining surviving units are withdrawn from the experiment. The observed sample is referred to as progressive type-II censored sample of size m and the corresponding scheme is referred to as progressive type-II right censoring scheme (R1, ..., Rm). Note that, if R1 = R2 = ... = Rm = 0, the progressive censoring scheme is reduced to complete sampling scheme and if R1 = R2 = ... = Rm−1 = 0 and Rm = n − m, this scheme reduces to conventional type-II censoring scheme. Statistical inference on the parameters of some distributions under progressive type-II censoring has been investigated by several authors such as Kus and Kaya [14] , Jiang et al. [12] , Rastogi and Tripathi [26] and Akdam et al. [1] .
In this section, we obtain the MLEs and the Bayes estimates of unknown parameters a, b and k under SEL, LINEX and Stein loss functions based on progressively type-II censored data.
Maximum likelihood estimation.
Let X = (X1:m:n, ..., Xm:m:n) be a progressively type-II censored sample with the censoring scheme (R1, ..., Rm) from a continuous population with cdf F (x) and pdf f (x). Then, the joint pdf of this sample is given by (Balakrishnan and Aggarwala [3] ) fX 1:m:n ,...,Xm:m:n (x1:m:n, ..., xm:m:
Substituting F and f from (2.1) and (2.2) in (3.1), the likelihood function is obtained as
2)
and hence the log-likelihood function is given by
Next, the likelihood equations of (b, a, k) are obtained in the following form
ax k i:m:n ln xi:m:n bxi:m:n + ax k
To find the MLEs of the parameters b, a and k, sayb,â andk, we have to solve the above system of nonlinear equations (3.4)-(3.6) with respect to b, a and k. These equations cannot be solved analytically and therefore, some numerical procedures such as Newton-Raphson (NR) method have to be used to determine the estimates. Also, to find the standard error of the MLEs of the parameters b, a and k, we can obtain the asymptotic variance-covariance matrix of the MLEs, which need to calculate the Fisher information matrix. Unfortunately, the expected information matrix is very difficult to obtain and therefore, we compute the observed information matrix. The 3×3 observed information matrix I is given by 
bx k+1 i:m:n ln xi:m:n (bxi:m:n + ax k i:m:n )
(1 + Ri)x k+1 i:m:n [(k + 1) ln xi:m:n − 1],
bx k+1 i:m:n ln 2 xi:m:n (bxi:m:n + ax k i:m:n )
i:m:n [(k + 1) 2 ln 2 xi:m:n − 2(k + 1) ln xi:m:n + 2].
Then, the variance-covariance matrix V can be approximated by the reciprocal of the observed information matrix, i.e., V = I −1 . Since V involves the parameters b, a and k, we replace the parameters by the corresponding MLEs in order to obtain an estimate of V, which is denoted bŷ
whereÎij is the (i, j)th element of the observed information matrix I with b, a and k replaced byb,â andk, respectively.
To employ the NR algorithm, the second derivatives of the log-likelihood are required for all iterations, which may sometimes be complicated. It is also important to point out that the MLEs via the NR method are very sensitive to their initial parameter estimation value and that the NR method does not converge in all the cases. Here, we suggest to use the EM algorithm to compute the MLEs which involves solving three one-dimensional equations.
3.1.1. EM algorithm. EM algorithm, introduced by Dempster et al. [8] , is a very powerful tool to handle any missing or incomplete data situation. It is an iterative method which repeatedly replaces the missing data with estimated values and updates the parameter estimates. The progressive right censoring model problem can be viewed as an incomplete data problem and then the EM algorithm may be applied to the problem of obtaining the MLEs of the parameters. First of all, we denote the observed and censored data by X = (X1:m:n, ..., Xm:m:n), Z = (Z1, ..., Zm), respectively, where Zj is a 1 × Rj vector with Zj = (Zj1, ..., ZjR j ), for j = 1, ..., m. The censored data vector Z can be thought of as the missing data. We combine X and Z to form W, which is the complete data set. The corresponding log-likelihood function is denoted by ℓc(W; θ). For the P-LHRD, we have 
x k j:m:n ln xj:m:n bxj:m:n + ax k j:m:n
The EM algorithm consists of two steps: The E-step and the M-step. In the expectation, or E-step, the missing data are estimated given the observed data and current estimate of the model parameters, say θ (h) . Then, the E-step of the algorithm requires the computation of
which mainly involves the computation of the conditional expectation of functions of Z conditional on the observed values X and the current value of the parameters. Therefore, in order to facilitate the EM algorithm, the conditional distribution of Z, conditional on X and the current value of the parameters, needs to be determined. Given X1:m:n = x1:m:n, X2:m:n = x2:m:n..., Xj:m:n = xj:m:n, the conditional distribution of Z jl , l = 1, ..., Rj is given by f Z|X (z jl |X1:m:n = x1:m:n, X2:m:n = x2:m:n, ..., Xj:m:n = xj:m:n)
, z jl > xj:m:n, (3.12) and Z jl and Zjp , l ̸ = p, are conditionally independent given Xj:m:n = xj:m:n (see Ng et al. [24] ). For the P-LHRD, using (3.12), we have
Using (3.13), the required conditional expectations in the EM algorithm are derived in the Appendix.
In the maximization or M-step of the EM algorithm, the value of θ which maximizes Q(θ|θ (h) ) will be used as the next estimate of θ (h+1) . In the M-step of the (h + 1)th iteration of the EM algorithm, using (3.9)-(3.11), the value of b (h+1) is first obtained by solving the equation
then a (h+1) is obtained by solving the equation
and finally, k (h+1) is obtained by solving the equation
where the desired expectations are computed from (7.2)-(7.7). The MLEs of (b, a, k) can be obtained by repeating the E-step and M-step until convergence occurs. Although the EM algorithm is relatively robust against the initial values, it may not converge when initial values are far from good ones. A reasonable starting value is the estimates of the parameters based on the pseudo-complete sample by replacing the censored observations Zj by Xj:m:n, j = 1, 2, ..., m (Ng et al., [22] ).
Bayesian estimation.
In this subsection, we discuss Bayesian estimation of the parameters of the P-LHRD based on progressively type-II censored sample. An important element of Bayesian analysis is the selection of a loss function L(θ, δ), where δ is a decision rule based on the data. One of the most commonly used loss function is squared error
The SEL function is a symmetric loss function that assigns equal losses to overestimation and underestimation. However, such a restriction may not be practical because in some cases overestimation may by more serious than underestimation or vice versa. For example, overestimation is usually more serious than underestimation in the estimation of reliability and failure rate functions. In these cases, the use of symmetric loss functions may be inappropriate. On the other hand, the use of an asymmetric loss function which assigns greater importance to overestimation or underestimation may be more appropriate.
A useful alternative to the SEL function is convex but asymmetric loss function proposed by Varian [34] , which is known as LINEX loss function and is defined as
where θ is the unknown parameter. The shape parameter c is known and gives the degree of asymmetry. If c > 0, the overestimation is more serious than underestimation and if c < 0, underestimation is more serious than overestimation. If c close to zero, the LINEX loss is approximately SEL and therefore almost symmetric. Under the LINEX loss function (3.17), the Bayes estimator of θ that minimizes the posterior risk E [L(θ, δ(X))|X] is given by
, (3.18) provided that the expectation exists and is finite.
Another useful asymmetric loss function is the Stein loss function which is also known as entropy loss function. This loss function has the form
where θ is the unknown parameter. This loss is a convex function of δ and more penalized underestimation than overestimation. Under this loss function the Bayes estimator δBST (X) that minimizes the posterior risk E [L(θ, δ(X))|X] is given by
provided that the expectation exists. For more details and estimation under entropy loss function, see Parsian and Nematollahi [24] .
To obtain Bayes estimates, we assume that b, a and (k + 1) have independent gamma priors as Gamma(α1, β1), Gamma(α2, β2) and Gamma(α3, β3), respectively, with pdfs given by
where the hyperparameters α1, α2 and α3 are known but β1, β2 and β3 are unknown.
Here, we assign conjugate prior distributions to the hyperparameters β1, β2 and β3 as Gamma(η1, γ1), Gamma(η2, γ2) and Gamma(η3, γ3), respectively. Then the hierarchical prior density function of b is given by
Similarly, the hierarchical prior density functions of a and k are given by
Now, using (3.2) and (3.21)-(3.23), the joint posterior density function of b, a and k can be written as
The expression for π(b, a, k|x) in (3.24) can not be written in a closed form because the integration of the joint posterior density is not easy to perform. Therefore, we need a simulation technique to compute the Bayes estimate of the parameters and their corresponding credible interval. We adopt the Gibbs sampling technique which use the posterior distributions of each parameter conditional on all others (see Gelfand and Smith [10] ). The full conditional distributions of b, a and k can be obtained as follows
Since the full conditional distributions for b, a and k do not have explicit expressions, it is not possible to sample directly by standard methods. To do this, we use the Metropolis-Hastings algorithm into the Gibbs sampling algorithm as explained by Tierney [33] . Therefore, the algorithm of Gibbs sampling is described as follows
Step 1. Start with an initial guess (b (0) , a (0) , k (0) ) and set t = 1.
Step 2. Using Metropolis-Hastings method, generate b (t) from π(b|a (t−1) , k (t−1) , x) with the proposal distribution as
where C b is a scaling factor,V11 is given in (3.7) and N (µ, σ 2 ) is the normal distribution with the parameters µ and σ 2 .
Step 3. Using Metropolis-Hastings method, generate a (t) from π(a|b (t) , k (t−1) , x) with the proposal distribution as
where Ca is a scaling factor andV22 is given in (3.7).
Step 4. Using Metropolis-Hastings method, generate k (t) from π(k|b (t) , a (t) , x) with the proposal distribution as
where C k is a scaling factor andV33 is given in (3.7).
Step 5. Set t = t + 1.
Step 6. Repeat Steps 2-5, N times, and obtain the posterior sample (b (t) , a (t) , k (t) ), t = 1, ..., N . Now, we can use this sample to compute the Bayes estimate for the parameters b, a and k. The approximate Bayes estimate of the parameters under the SE, the LINEX and the Stein loss functions are given as
respectively, where M is the burn-in period and θ can be each of the parameters b, a and k. Note that, the Stein loss function is suitable for estimation of the parameters with positive values. So, in what follows, we will not use it for estimation of the parameter k.
Interval estimation
In this section, we discuss interval estimation of the parameters of the P-LHRD based on progressively type-II censored sample.
Asymptotic confidence interval.
As discussed earlier, the MLEs of the unknown parameters b, a and k can not be obtained in closed forms. Therefore, it is not easy to derive the exact distributions of the MLEs. In this subsection, we derive the approximate confidence intervals of these parameters based on the asymptotic distributions of their MLEs. The asymptotic distribution of the MLE of the parameters b, a and k is given by (see Miller [19] 
whereV is given in (3.7). Now, using (4.1), the 100(1 − α)% approximate confidence intervals for the parameters b, a and k are given bŷ
respectively, where z α/2 is the (1 − α/2) quantile of the standard normal distribution.
Bootstrap confidence intervals.
When the effective sample size m is small, the normal approximations may not work well. In such situations, resampling techniques such as the bootstrap may provide more accurate approximate confidence intervals. In this subsection, we propose two confidence intervals for the parameters b, a and k based on the parametric bootstrap methods as suggested by Efron and Tibshirani [9] : the percentile bootstrap (Boot-p) confidence interval and the student's t bootstrap (Boott) confidence interval. Firstly, by using the algorithm suggested in Balakrishnan and Sandhu [4] , we perform the following steps to generate progressively type-II censored samples from P-LHRD:
Step 1. Generate m independent samples U1, U2, ..., Um from the standard uniform distribution U (0, 1).
Step 2. For given values of the progressive censoring scheme (R1, R2, ..., Rm), set
Step 3. Set Ui:m:n = 1 − VmVm−1...Vm−i+1 for i = 1, 2, ..., m. Then U1:m:n, U2:m:n, ...,Um:m:n is a progressively type-II censored sample of size m from U (0, 1) distribution. Then from (2.1) X1:m:n, X2:m:n, ..., Xm:m:n is the required progressively type-II censored sample from the P-LHRD. Now, we use the following steps to generate parametric bootstrap samples.
Step 1. Computeb,â andk, the MLEs of the parameters b, a and k based on the progressive type-II censored samples x = (x1:m:n, ..., xm:m:n).
Step 2. Generate the bootstrap progressive type-II censored samples x * = (x * 1:m:n , ..., x * m:m:n ) from the P-LHRD with the parametersb,â andk by using the above proposed algorithm. By using these data, we compute the bootstrap estimates say,b * ,â * andk * .
Step 3. Repeat step 2, B times to obtain a set of bootstrap progressive type-II censored samples of b, a and k, say (b * 1 , ...,b * B ), (â * 1 , ...,â * B ) and (k * 1 , ...,k * B ). Using the above bootstrap samples, we obtain two different bootstrap confidence intervals for the parameter θ (in our case, θ could be b, a or k) based on the following methods:
that is, just use the α/2 and (1 − α/2) quantiles of the bootstrap sampleθ * 1 , ...,θ * B .
(II) Boot-t method
Let
whereŝe * i is an estimate of the standard error ofθ * i and can be replaced by its asymptotic standard error. Then the 100(1 − α)% bootstrap student's t interval is given by
where t * α is the α quantile of T * 1 , ..., T * B andŝe boot is the bootstrap estimate of the standard error based onθ * 1 , ...,θ * B .
HPD credible interval.
We apply the posterior sample (b (t) , a (t) , k (t) ), t = 1, ..., N , generated by the algorithm described in Subsection 3.2, to construct the 100(1 − γ)% HPD credible intervals for the parameters of the P-LHRD. We use the method of Chen and Shao [5] and construct the HPD interval as follow
.., N }, respectively.
Application
In this section, we analyze a real data set to demonstrate the performance of the P-LHRD in practice and compare its goodness-of-fit with other distributions using Kolmogorov-Smirnov (K-S) statistic. We consider the real data consist of failure times of the air conditioning system of an airplane (in hours), which are obtained from Linhart and Zucchini [17] and are presented in Table 1 . Tian et al. [32] have fitted a new four-parameter generalized linear exponential distribution (NGLED) to this data and have compared the results of fitting the NGLED with some of the three-parameter distributions such as the exponentiated Weibull distribution (EWD), the generalized linear failure rate distribution (GLFRD) and the modified Weibull distribution (MWD). First, we fit the P-LHRD to this data set and compare it with its sub-models and the distributions reported in Tian et al. [32] . The MLEs of the unknown parameters are obtained and then the values of Kolmogorov-Smirnov (K-S) statistics and their corresponding p-values are calculated. The results are reported in Table 2 . It is clear from Table 2 that P-LHRD has the highest p-value of K-S test statistic. Thus, we observe that P-LHRD yields a better fit than LHRD, PHRD, EWD, GLFRD, MWD and NGLED. Moreover, we plot the empirical cdf versus fitted cdfs and the histogram of the data versus fitted pdfs in Figure 2 . These figures support our conclusion.
It is important here to note that EWD, GLFRD and MWD are three-parameter distributions with the complicated hazard rate functions. Clearly, it is merit of the P-LHRD that provide a better fit than other three-parameter distributions while its hazard rate function is very simple and flexible. For illustrative purposes, we have generated a progressively type-II censored sample of size m = 20 from above data set with respect to the censoring scheme (R1 = ... = R8 = 0, R9 = ... = R13 = 1, R14 = 0, R15 = 3, R16 = ... = R19 = 0, R20 = 2). The generated data are as follows: 1, 3, 5, 7, 11, 11, 12, 14, 16, 20, 21, 47, 52, 62, 71, 87, 120, 120, 225, 246 . 
A simulation study
In this section, a simulation study is conducted to investigate and compare the performance of the presented estimators in the previous sections. We compare the performance of the MLEs using the EM and NR algorithms and Bayes estimators in terms of their estimated risk (ER). The performances of the confidence and credible intervals are also compared in terms of their coverage probability and expected length. When θ is estimated byθ, the ER of θ under the SEL function is given by
where T is the number of replications andθi is the estimate of θ in ith replication. Moreover, the ER of θ under the LINEX and Stein loss functions are given by
, respectively. We generate progressively type-II censored sample of size m from a sample of size n drawn from P-LHRD using the algorithm suggested in Subsection 4.2. For each value of n = 20, 50, we consider three values of m with different censoring schemes. Note that, for example, (0 * 4 ) denotes (0, 0, 0, 0). We use two different values for the parameters (b, a, k) , namely (1, 0.5, -0.25) and (0.25, 0.5, 0.1), respectively. To compute different Bayes estimates, we use the small hyperparameter values as αi = 1.5, ηi = γi = 0.5, i = 1, 2, 3. We generate N = 10000 MCMC samples and discard the first M = 2000 values as burn-in period as described in Subsection 3.2. We report the average estimates and ER of the parameters in Tables 3-6 . The expected length and coverage probability of the confidence and credible intervals for confidence level (1 − α) = 0.95 are also reported in Tables 7 and 8 . To compute the bootstrap confidence intervals, we use 500 bootstrap iterations. All the results are reported based on 1000 replications. Table 7 . Expected lengths and coverage probabilities (in parentheses) of the parameters for values of (b = 1, a = 0.5, k = −0.25).
(n, m) Scheme Methods b a k (10, 0 * 9 ) AMLE From Tables 3-6 , it is observed that the ERs of all estimates decrease as the sample sizes increase in all cases, as expected. The results shows that the MLEs using the EM algorithm have smaller ERs than the MLEs using the NR algorithm.The performances of the MLEs using the EM algorithm are satisfactory, especially when the sample size is small. For large sample sizes, we observe that the ERs of the MLEs using the EM algorithm and the Bayes estimators become very close in most of the cases. Also, it is clear that the Bayes estimates under LINEX loss function are sensitive to the values of the shape parameter c.
From Tables 7 and 8 , we observe that the expected lengths of the intervals decrease as the sample sizes increase, as expected. The results shows that the performance of the approximate confidence intervals in comparison with bootstrap confidence intervals are not satisfactory, especially for small sample sizes. Comparing the bootstrap confidence intervals, we observe that the performance of Boot-p confidence intervals and Boot-t confidence intervals are almost similar in terms of coverage probabilities but in terms of expected lengths the Boot-p confidence intervals provides the shorter expected lengths. In most of the cases, it is observed that the HPD credible intervals have the better performances in comparison with the other intervals, especially when the sample size is large.
In most of the cases, it is observed that the ERs of the estimators and the expected lengths of the intervals are maximized when the censoring is at the end of the experiment and are minimized when the censoring is at the first of the experiment. This may be occurred because, the data obtained when the censoring is at the first of the experiment would be expected to provide more information about the unknown parameters than the data obtained when the censoring is at the end of the experiment.
Conclusions
In this paper, we consider a new class of hazard rate distributions called the powerlinear hazard rate distribution. This distribution is obtained by combining the linear hazard rate function and the power hazard rate function and it contains a number of known lifetime distributions such as linear hazard rate distribution, power hazard rate distribution, exponential distribution, Rayleigh distribution and Weibull distribution. The power-linear hazard rate function can cover constant, decreasing, increasing and bathtub-shaped hazard rates. The MLEs via the EM and NR algorithms and Bayesian estimation of the parameters of the power-linear hazard rate distribution under SEL, LINEX and Stein loss functions are obtained. The asymptotic confidence interval and the HPD credible interval of the parameters are also discussed. A real data set is analyzed in order to illustrate the inferences discussed in the previous sections. It observed that the present distribution can provide a better fit than its sub-models and some threeparameter distributions. Finally, to investigate and compare the performance of different types of estimators presented in this paper, a Monte Carlo simulation study is conducted. Based on simulation results, we observed that the MLEs using the EM algorithm work well, especially when the sample size is small. Also, the performance of the Bayes estimators and the HPD credible intervals based on the MCMC method are very good, especially for large sample sizes. 
Note that the right hand side of (7.2)-(7.7) does not depend on l, so, we can eliminate the index l from z jl .
